The robust memoryless state feedback H ∞ control problem for uncertain time-delay discrete-time singular systems is discussed. Under a series of equivalent transformation, the equivalence of this problem and the robust state feedback H ∞ control problem for standard state-space uncertain time-delay discrete-time systems is presented. In terms of matrix inequality, the delay-dependent sufficient condition for the solution of this problem is given, the design method of the memoryless state feedback controller and the controller are also given.
Boukas and AL-Muthairi [2] discussed the stabilization problem by using delay-dependent method. For the time-delay discrete-time singular systems, Xu et al. [20] solved the robust H ∞ control problem based on the delay-independent matrix inequality condition. To the best of our knowledge, the delay-dependent robust H ∞ control problem for timedelay discrete-time singular systems has not been investigated in the literature.
In this paper, the robust memoryless state feedback H ∞ control problem for uncertain discrete-time singular systems with time-delay is discussed. First, based on a generalized rank condition, the nonsingular transformation of state-control pair for the singular systems is introduced, and the equivalent relation of this problem to the robust state feedback H ∞ control problem for standard state-space uncertain time-delay discrete-time systems is obtained; next, in terms of matrix inequalities, the delay-dependent sufficient condition, which guarantees the problem is solvable, is given, and the design method of the memoryless state feedback H ∞ controller is also given by using a cone complement technique.
Description of problem
Consider the uncertain time-delay discrete-time singular system described by
where x(k) ∈ R n is the state variable, w(k) ∈ R q is the square integrable disturbance input, u(k) ∈ R p is the control input, z(k) ∈ R m is the controlled output, and d is the unknown integer time-delay, and 0 < d d ,d > 0 is the known integer. The matrix E ∈ R n×n is singular, and rank E = r < n, A ∈ R n×n , A d ∈ R n×n , B 
where (k) ∈ R k×s are unknown time-varying parameter matrix satisfying
E 1 , F 1 , F 2 , F 3 , F 4 , F 5 are known constant matrices with appropriate dimension. In the following, (k) is simply written as .
Definition 1 (Dai [5]). (1) The pair (E, A) is regular, if det(zE −
) / ≡ 0. The regular pair (E, A) is said to be stable, if all roots of det(zE − A) = 0 lie inside the unit disk with center at the origin.
(2) The pair (E, A) is said to be causal, if it is regular and degree {det(zE − A)} = rank E. (3) The system (E, A, B) is said to be causality controllable (Y-controllable), if there exists a matrix K such that (E, A + BK) is causal.
Lemma 1. For the time-delay discrete singular system
Ex(k + 1) = Ax(k) + A d x(k − d), x(k) = (k), k ∈ [−d, 0],
if the pair (E, A) is regular and causal, then for any compatible initial value (k), the system has unique solution.
Proof. Noting the regularity and causality of the pair (E, A) and employing the restricted system equivalent (r.s.e.) transformation [5] , one can obtain the desired result directly.
Definition 2. The system
is said to be regular and causal, if the pair (E, A) is regular and causal. The system is said to be admissible, if it is regular, causal and asymptotically stable.
The purpose of this paper is designing a memoryless state feedback controller u(k) = Kx(k) for the system (1) such that the closed-loop system is admissible, and the H ∞ performance index satisfies T zw (z) ∞ < for all uncertainties satisfying (3). Here, T zw (z) is the transfer function from w(k) to z(k), > 0 is given. For next discussion, the following assumption for the system (1) is needed.
Remark 1. Obviously, if (k) = 0, then Assumption 1 is the necessary and sufficient condition that the system (1) is Y-controllable [5] . A matter of considerable interest is that Eq. (4) is necessary condition which guarantees the robust state feedback H ∞ control problem is solvable.
Transformation of system
Since rank E = r < n, there exist two nonsingular matrices M, N ∈ R n×n such that
,
then system (1) is r.s.e. to the following system:
From (5), it is obtained that 
According to (9) , take the following nonsingular transformation: 
is also the robust state feedback H ∞ controller for system (6) , where
. So, the closed-loop system formed by system (6) and the controller (13) is regular and causal for all uncertainties satisfying (3), and from Definition 1, this is equivalent to the matrix
being nonsingular. In (14) , it is clear thatĀ 22 = A 22 + B 22 K 2 is nonsingular when = 0. Let
where Q 22 ∈ R p×p is an arbitrary nonsingular matrix. From (16) it follows that Q is nonsingular. Denoting that
and then by (10) , it is obtained that
Further, using
it can be concluded that
and then F 12 E 12 < 1 holds. This completes the proof.
Lemma 2 points out that if there is no matrix Q shown as (15) such that F 12 E 12 < 1, then the robust state feedback H ∞ controller for system (6) (or system (1)) has no solution.
It is easy to prove that F 12 E 12 depends only on the matrix Q, i.e., the choice of Q 21 , Q 22 is independence of the choice of M, N [12] (see Appendix B).
To continue the discussion for system (12) , it is needed to give the method of the choice of the matrix Q such that
Let Q be given as (8) , and set
whereQ 21 ∈ R p×(n−r) satisfying that
DenoteP =Q −1 , and then from (10) and (21), it follows that
Based on the above analysis, the following algorithm is given.
(1) Let M, N be nonsingular, and satisfy that MEN = [
] be nonsingular, where Q 22 is one of nonsingular matrices, Q 22 ∈ R p×p . Without loss of generality, we can take Q 22 = I p . Check whether F 12 E 12 < 1, if yes, then continue the discussion for system (12) ; if no, then go to step (3).
(3) Find a matrixQ 21 ∈ R p×(n−r) such that det(I −Q 21 B 22 ) = 0, and (F 12 +F 4Q21 )E 12 < 1, if there does not exist such a matrix, then the problem has no solution. Otherwise, takeQ as (21), and continue the discussion for system (12) .
Next, consider system (12) . If F 12 E 12 < 1, then the matrix I n−r + E 12 F 12 is nonsingular for all uncertainties satisfying (3) . From (19) it follows that
and then system (12) is rewritten as
where
Introduce new state and control vectors aŝ
to system (25), then system (25) can take the form as
From transformations (5), (11) , (27), system (1) is transformed into system (28), and system (28) is a standard state-space uncertain discrete-time system with constant delay d − 1. It is evident, that if the robust state feedback H ∞ control problem for system (1) is equivalent to that one for system (28), then the robust state feedback H ∞ control problem for system (1) can be solved by solving the robust state feedback H ∞ control problem for system (28).
Controller design
In this section, the robust H ∞ controller design for system (1) will be discussed. For this, two useful lemmas are given. Consider the uncertain discrete-time system
where d is the unknown constant integer time-delay, and 0 < d d ,d > 0 is the known integer.
Lemma 3. For a given scalar
then system (30) is asymptotically stable and the transfer function
Proof. See Appendix A.
Lemma 4 (Xie [19]). Given appropriate dimensional matrices Y, L and R, Y = Y T , then
Y + L˜ R + R T˜ T L T < 0 (32) where˜ = (I + J ) −1 with T I , J
is a constant matrix with appropriate dimension if and only if for some scalar
Based on the discussion in Section 3, it is known that from transformations (5), (11), (27), system (1) can be transformed into the standard state-space uncertain discrete-time delay system (28), if it can be proved that the robust state feedback H ∞ control problem for system (1) is equivalent to the same problem for system (28), then the robust state feedback H ∞ control problem for system (1) can be solved by solving the robust state feedback H ∞ control problem for system (28). First, we discuss the equivalence between the robust state feedback H ∞ control problem for system (1) and the robust state feedback H ∞ control problem for system (28). 
Proof. Necessity. If system (1) has a robust state feedback H ∞ controller u(k) = Kx(k), then by Assumption 1 and transformation (5), the following closed-loop system formed by system (6) and the state feedback controller (13):
is admissible, and T zw (z) ∞ < for all uncertainties satisfying (3), where
SinceȂ 22 is nonsingular, system (35) is equivalent to
so system (37) is robust stable, i.e., x 1 (k) → 0, x 2 (k) → 0, when k → ∞, and T zw (z) ∞ < for all uncertainties satisfying (3). Investigate the closed-loop system formed by system (28) and controller (34):
According to transformation (11), it is clear that
and (40a), it follows that 
Setting Q = [
, it is obtained that the closed-loop system (38) is equivalent to the closed-loop system (37), and both systems (38) and (37) have the same transfer function T zw (z).
Since system (37) is robust stable, i.e., x 1 (k) → 0, x 2 (k) → 0, when k → ∞, and from (42), it follows that system (38) is robust stable. Since the transfer function of system (37) satisfies that T zw (z) ∞ < , and systems (37) and (38) have the same transfer function T zw (z), so the transfer function of system (38) satisfies that T zw (z) ∞ < also.
Sufficiency: If there exists a nonsingular matrix Q such that system (1) can be transformed into system (28), and there exists a robust state feedback H ∞ controller (34) for system (28), then the closed-loop system (38) formed by system (28) and controller (34) is robust stable and T zw (z) ∞ < for all uncertainties satisfying (3). From (27), (34), it follows thatū(k) =Kx 1 (k). Note the transformation (11); then from (40b), it follows that the state feedback H ∞ controller for system (1) is
Reviewing transformation (5), it is clear that the expression of the closed-loop system formed by (43) and system (6) 
. By (36) and (43), it is obtained that
Since T I , it follows thatȂ 22 is nonsingular for all uncertainties satisfying (3), and then system (35) is regular, causal, and equivalent to system (37). By (40a) and (43), it is also true that (41), (42) hold. From (42), (43), it follows that system (37) is equivalent to system (38), and both systems (38) and (37) have the same transfer function T zw (z) .
Since system (38) is robust stable and T zw (z) ∞ < , it follows that system (37) is robust stable and T zw (z) ∞ < . Thus the closed-loop system (35) formed by system (6) and controller (43) is admissible and T zw (z) ∞ < . It points out that controller (43) is the robust state feedback H ∞ controller for system (1) . This completes the proof. Remark 2. Theorem 1 points out that the robust state feedback H ∞ control problem for system (1) (i.e., for system (6)) can be equally transformed into that one for system (28) with Assumption 1, so the robust state feedback H ∞ control problem for system (1) can be solved by solving the same problem for system (28). 
then there exists a robust memoryless state feedback H ∞ controller of system (1) (or system (6)), where the controller is given by (43), andK = W Y −1
.
Proof. By Theorem 1, the robust state feedback H ∞ control problem for system (1) (or system (6)) can be equally transformed into the same problem for system (28) with Assumption 1. By Lemma 3, if there exist matrices X > 0, U > 0, H > 0, Z > 0, and a matrix V such that
then the closed-loop system (38) formed by system (28) and controller (34) is robust stable and T zw (z) ∞ < for all uncertainties satisfying (3). Let
according to (39), rewrite (48a) as
by Lemma 4, inequality (52) holds if and only if there exists¯ > 0 such that
based on Schur complement method, inequality (53) is equivalent to (54)
,¯ I,¯ I }, pre-and postmultiply the inequality (54) by T 1 and T T 1 , respectively, and letȲ
let T 2 = diag{X −1 , X −1 }, pre-and postmultiply the inequality (48b) by T 2 and T T 2 , respectively, then HV 
pre-and postmultiply the inequality (56a) by T 5 and T T 5 , respectively, and according to (29), (34), let
then (46a) is obtained, pre-and postmultiply inequality (57) by T 6 and T T 6 , respectively, (46b) is obtained. This completes the proof. Remark 5. Condition (46) in Theorem 2 is delay-dependent, and the condition given in [20] is delay-independent. System (1) discussed in this paper is more general than the system discussed in [20] . So the result in this paper is less conservative and more general.
Note that inequality (46) is nonconvex LMI, using the cone complementarity algorithm proposed in [11, 14, 15] , replacing (46b) with
solving the nonconvex LMI (46) is transformed into solving the following nonlinear minimization problem involving LMI conditions. min Trace(
subject to (46a), (60).
Based on the above analysis, we give the algorithm of designing a robust memoryless state feedback H ∞ controller for system (1) satisfying Assumption 1:
1. Based on the algorithm given in Section 3, find matrix Q such that F 12 E 12 < 1. If there is no such a matrix, then the problem has no solution. Otherwise, go to step 2. 
3 R} subject to (46a) and (60).
If the condition (46b) is satisfied, there exists the robust H ∞ controller for system (1) for any d ∈ (0,d]. If condition (46b) is not satisfied, give a maximum iterations k max , set k = k + 1, if k < k max , and go to step 3. Otherwise, go to step 1 again.
Remark 6.
It is difficult to solve the stabilization and H ∞ control problem for the discrete-time singular system by using LMI with coefficient matrices of the given system, inequality (46) is given by the transformed system from system (1), but the robust H ∞ control problem for system (1) can be solved according to the above algorithm. The cone complementarity algorithm convergence has been discussed in [6] . The choice of the matrixQ 21 is difficult, which is a deficiency.
Example
Consider the robust state feedback H ∞ control problem for the following uncertain time-delay discrete-time singular system:
From ( (12) and (25), respectively, which will be used in inequality (46). 
Conclusions
In this paper, the robust memoryless state feedback H ∞ control problem for uncertain time-delay discrete-time singular systems is discussed. Under a general assumption, the equivalent relation of this problem to the robust state feedback H ∞ control problem for standard state-space uncertain time-delay discrete-time systems is obtained. In terms of matrix inequalities, the delay-dependent sufficient condition, which guarantees the problem is solvable, is presented, and the design method of the memoryless state feedback H ∞ controller is given by using a cone complement technique. The numerical example illustrates the effectiveness of the method proposed in this paper.
then by (A.6), system (30) is asymptotically stable when w(k) = 0. Assuming system (30) with zero initial conditions, since V (·)| k=0 = 0, V (·)| k→∞ → 0, it follows that 
based on Schur complement, and (31a), it is obtained that 2 < 0, then
that is T zw (z) ∞ < . This completes the proof.
Appendix B.
Prove that F 12 E 12 only depends on the matrix Q and is independent of the choice of the matrices M, N. Let M 1 , N 1 be two nonsingular matrices (B.9) shows that F 12 E 12 is independent of the choice of the matrices M, N.
